We describe the results of a computer-based search for 5 and 6-dimensional lattice rules of specified trigonometric degree. In this search only lattice rules that can be generated by a circulant or skew-circulant generator matrix are considered, which makes this approach significantly faster than earlier approaches. The drawback is that we do not necessarily obtain optimal lattice rules. We also present some new families of lattice rules parametrized by the trigonometric degree.
Introduction
We consider s-dimensional integration rules or cubature formulas of the form
which approximate in some way the integral
We are particularly interested in cubature formulas that are exact for a space of trigonometric polynomials. An s-dimensional cubature rule is of trigonometric degree d if it integrates exactly all s-dimensional trigonometric monomials of degree ≤ d. These are functions of the form exp(2πih · x), with h ∈ Z Z s and h 1 := s k=1 |h k | ≤ d.
Introduction to lattice rules
The construction of cubature formulas of a specified algebraic or trigonometric degree turns out to be nontrivial for dimensions > 2. Almost all known optimal cubature formulas of trigonometric degree are lattice rules. A lattice rule is an equal-weight cubature formula whose abscissa lie on the intersection of an integration lattice Λ and [0, 1) s . An integration lattice Λ is defined as a subset of IR s which is discrete and closed under addition and subtraction, and which contains Z Z s as a subset. It is conventional to refer to Z Z s as the s-dimensional unit lattice denoted by Λ s 0 .
A lattice can always be described in terms of s linearly independent vectors {a 1 , . . . , a s }. These vectors are known as a set of generators of Λ. Associated with the generators is a s × s generator matrix A whose rows are a 1 , . . . , a s . All elements h of Λ are of the form h = λA for some λ ∈ Λ s 0 . One must keep in mind that a generator matrix of a lattice is not unique.
Two lattices are called geometric equivalent or symmetric copies if the first is obtained from the second by a linear transformation that takes the unit lattice into itself. Let P be a s × s matrix with in each row and each column exactly one element equal to +1 or −1, and all other elements equal to zero. Post-multiplying a generator matrix by P results in a generator matrix of a geometric equivalent lattice (that might be identical to the original one).
Associated with every lattice Λ is its dual lattice Λ ⊥ . This is the set {h ∈ IR s : h · x ∈ Z Z for all x ∈ Λ}. In terms of matrices, the dual lattice Λ ⊥ may be defined as having generator matrix B = (A −1 ) T , with A a generator matrix of Λ. In case of integration lattices: Λ ⊇ Λ s 0 , as a consequence Λ s 0 ⊇ Λ ⊥ and the generator matrix B of Λ ⊥ is integer-valued. It can be shown that the number of points N , required by the lattice rule, coincides with |detA| −1 = |detB|. The dual of an integration lattice plays an important role in the theory of lattice rules because it can be used to specify an error expansion of the lattice rule Q[f ] in terms of the Fourier coefficientsf (h) of the integrand function as follows:
For more details on the topics introduced above, we refer to [8] .
Lattice rules of trigonometric degree
Our aim is to construct lattice rules with the number of points N as low as possible for a given dimension s and trigonometric degree d. These are called optimal lattice rules. In this section we provide some geometric insight in this problem. For a lattice rule to integrate exactly all polynomials of trigonometric degree ≤ d, the right-hand side of (3) must vanish whenever f is such a polynomial. This requirement reduces to the condition that Λ ⊥ has no elements other than the origin itself in the region h 1 ≤ d. One can define the trigonometric degree of a lattice rule in this way. It is more convenient to work with the enhanced trigonometric degree [1] . We use the following definitions: Definition 1.1. A lattice rule Q is of enhanced trigonometric degree δ := d + 1 if and only if for all h ∈ Λ ⊥ , other than h = 0 :
The lattice rule Q is of strict enhanced trigonometric degree δ if and only if it is not also of enhanced trigonometric degree δ + 1.
This definition implies that for a lattice rule of enhanced degree δ no element in Λ ⊥ (other than the origin) lies within the s-dimensional crosspolytope
(a generalization of a regular three-dimensional octahedron).
A measure for the efficiency of a lattice rule is the rho-index
It was introduced in [1] and discussed in detail in, e.g., [5] . The rho-index is bounded,
and that makes it a convenient instrument for visual presentations. 2 )}, with both points having the same weight.
The term shift symmetric for cubature formulas of trigonometric degree was introduced in [2] . It plays the same role for cubature formulas of trigonometric degree as central symmetry does for cubature formulas of algebraic degree: i.e. it guarantees that odd functions integrate to zero automatically. One usually verifies the degree of a cubature formula by testing if it is exact for all monomials up to that degree. If a cubature formula is known to be shift symmetric, the amount of time for this verification is reduced by about 50 %.
Observe that a lattice rule is shift symmetric if and only if ( 2 ) ∈ Λ.
K-optimal lattice rules
Cools and Lyness [1] argue that it is reasonable to believe that the lattice Λ of an optimal lattice rule of enhanced trigonometric degree δ has a dual Λ ⊥ with many elements on the boundary of the crosspolytope Ω(s, δ). They defined a set K(s, δ) which comprises all s-dimensional lattices which may be generated by s point pairs, each of which belongs to a distinct facet-pair of the s-crosspolytope Ω(s, δ). (A facet-pair of an s-crosspolytope is the s-dimensional generalization of a 2-dimensional pair of opposite faces of a regular 3-dimensional octahedron.) The lattice rules corresponding to lattices from the set K(s, δ) with a minimum number of abscissa, are called K(s, δ)-optimal lattice rules. Their search for K(s, δ)-optimal lattice rules has a high computational cost. The search is so expensive that for higher values of δ they were obliged to treat only sub-categories of K(s, δ). The fundamental problem with this search is that the amount of time required grows as δ s 2 .
Lyness and Sørevik [4] noticed that some but not all of the four-dimensional K(s, δ)-optimal lattice rules in [1] could be generated by a skew-circulant matrix. This led them to define and investigate the class of skew-circulant lattice rules. Restricting the search to this smaller class of skew-circulant lattice rules reduces the amount of time to O(δ 2s−2 ) making this approach feasible in higher dimensions. The drawback is of course that by reducing the population which is searched one does not necessarily obtain the lattice rule with the lowest possible number of points.
In the following section, we give a brief description of the theory of circulant and skew-circulant matrices, as far as it is relevant for our work. In Section 3, we describe the implementation of our search in 5 and 6 dimensions. The results are described in Sections 4 and 5.
2 Circulant and skew-circulant lattice rules Definition 2.1. A circulant matrix is a matrix of the form
Definition 2.2. A skew-circulant matrix is a matrix of the form
A circulant lattice rule is one whose integration lattice can be generated by a circulant matrix. A skew-circulant lattice rule is one whose integration lattice can be generated by a skew-circulant matrix.
Observe that a (skew-)circulant matrix is completely determined by its first row. Furthermore, the enhanced degree of a (skew-)circulant lattice rule satisfies δ ≤ b 1 , where b is a row of a (skew-)circulant generator matrix of the dual lattice. For our purposes it is useful to know that if B is a (skew-)circulant matrix, then both B T and B −1 are also (skew-)circulant. For more information about (skew-)circulant matrices, we refer to [3] .
Although in retrospect this result looks trivial, we will now prove that all (skew-)circulant lattice rules of even strict enhanced degree are shift symmetric. This is actually a special case of the following theorem.
s is generated by vectors b j , j = 1, . . . , s such that b j 1 is even, then all points x ∈ Λ ⊥ have x 1 even and Λ is shift symmetric.
Proof. Following the definition of a dual lattice, it is sufficient to prove that each p ∈ Λ ⊥ and x ∈ Λ satisfy
This is true for each generator b j of Λ ⊥ because b j 1 is an even number. Because each p ∈ Λ ⊥ can be written as an integer linear combination of generators of Λ ⊥ , relation (4) holds for each p.
From this it follows immediately that
Corollary 2.1. Every (skew-)circulant lattice rule, Circ(b) or SCirc(b), with b 1 even is shift symmetric.
From Theorem 2.1 we can conclude that also the K-optimal rules of even δ are shift symmetric. The fact that for these rules the odd degree monomials must not be verified was already used in the computations reported in [1] , and probably also in earlier computations. To the best of our knowledge Theorem 2.1 is the first to make the connection with the structure of the lattice rule explicitly.
The search program

General description
We have written a program to find all optimal circulant and skew-circulant lattice rules of strict enhanced degree δ in 5 and 6 dimensions. Our search method is an extension of the method developed in [1, 4] .
The search program works in four steps. In the first step, all integer vectors b with non-negative components such that b 1 = δ are constructed. In the second step, b is modified with a sign-pattern that is specified by the user. The purpose of this is explained in the next subsection. With this modified integer vector b either a circulant or skew-circulant matrix B is built in the third step. In the last step, we check whether this matrix B satisfies Definition 1.1, and thus is a generator matrix of Λ ⊥ so that the associated lattice rule Q[f ] has the specified enhanced degree δ.
5-dimensional sign-patterns.
A circulant matrix is fully specified by its first row. We start from an integer vector b with non-negative components and modify it with a sign-pattern. In this section we will show that from the 2 5 sign-patterns, only 3 have to be investigated.
. Define classes of circulant lattices as follows:
These classes obviously overlap because b i is allowed to be zero, but possibly there is even more overlap. Proof. Because a lattice is a discrete set closed under addition and subtraction and generated by the rows of the generator matrix, it is unchanged by multiplying a row of the generator matrix by −1 or interchanging two rows. Using these properties, one can see that, for example, 
It was already pointed out in [4] that in an odd -dimensional context it can be shown that every skew-circulant rule has a symmetrically equivalent circulant one and vice versa. This is not true in an even-dimensional context.
6-dimensional sign-patterns
In 6 dimensions there are more cases to consider. The technical details are similar to those in the 5-dimensional case and are omitted. 
Theorem 3.4. Any circulant lattice rule in 6 dimensions has a symmetric copy in at least one of the classes B i , i=1,. . . ,4. Any skew-circulant lattice rule in 6 dimensions has a symmetric copy in at least one of the classes B i , i=1,. . . ,4.
Five-dimensional results
Computational results
In Figure 1 the rho-index of the optimal circulant lattice rules of degree δ ≤ 40 that we obtained, is represented by the symbol •. In Table 1 we list the first row of the circulant generator matrices for the best lattices we obtained for δ ≤ 26. For δ ≤ 40 lattice rules of class B 3 provide the most efficient lattice rules for the indicated δ except in the case of δ = 11. (One can see this in Table 1 for δ ≤ 26.) Many lattices of class B 2 provide lattice rules that are as good as those of class B 3 . For more details about each class, and the data represented in Figure 1 , we refer to the Appendix.
The highest rho-index for a 5-dimensional lattice rule known to us is ρ = 1600/2343 ≈ 0.68289 and corresponds to the rule of δ = 20 listed in Table 1 . 
Sequences of lattice rules
We observed a regularity in the generators (b 0 , b 1 , b 2 , b 3 , b 4 ) of the classes B i which lead us to the characterization of families of generators, parametrized by degree. The best families we found in 5D are in class B 2 and we denote them by Q 2 (5, 6k + r). (Here, the subscript 2 refers to the class, 5 is the dimension and 6k + r indicates the degree.) These families are represented in Table 2 . In the upper part of that table we give a generator of Λ ⊥ . In the lower part we provide the components of a circulant integer matrixÃ 2 = (ã 0 ,ã 1 ,ã 2 ,ã 3 ,ã 4 ) which is a scaled version of A 2 , a circulant generator matrix of Λ. The following relation exists betweenÃ 2 and A 2 :
where N 2 is the number of points of Q 2 (5, 6k + r). In Theorem 4.1 we will prove that for all r = 0, 1, . . . , 5 and k as indicated in Table 2 the five-dimensional circulant lattice rules Q 2 (5, 6k + r) specified in Table 2 have degree δ = 6k + r. We remark that the lattice rules generated by our families are not always equal to the optimal rules of class B 2 . The only other family of lattice rules in 5-dimensions we know are constructed by Semenova [7] . Our rules use about half the number of points. In Figure 1 the rho-index of the rules Q 2 (5, 6k + r) is marked by a +; those of [7] are marked by a ×.
The rest of this section is devoted to establishing Theorem 4.1. This theorem and its proof are very similar to the ones given by J. Lyness and T. Sørevik for the 4-dimensional case, in [4] . Theorem 4.1. The circulant lattice rules Q 2 (5, 6k +r) specified in Table 2 have enhanced degree δ = 6k + r.
We shall proof this theorem by showing that for each of the dual lattices under consideration each nonzero element h satisfies h 1 ≥ δ. The proof falls into two parts. In Lemma 4.2, we show that if λ 1 ≥ 6, then the corresponding h 1 ≥ 6k + r. In Lemma 4.3 we simply record the result of computing h 1 for the remaining elements of Λ ⊥ .
We first repeat a lemma from [4] that will help us to prove Lemma 4.2.
Lemma 4.1. Let A be the generator matrix of an integration lattice Λ, and let B = (A T ) −1 . Let h = λB with λ ∈ Λ s 0 . Then
Lemma 4.2. For all k, r, A and δ = 6k + r as specified in Table 2 , If λ ∈ Λ s 0 and λ 1 ≥ 6, then λ 1 / A 2 1 ≥ δ. 
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Proof. The elements of the circulant matrixÃ 2 are given in the lower part of Table 2 . The elements of A 2 areÃ 2 /N 2 . The right-hand side of the inequality in Lemma 4.1 is
where D 2 = −ã 0 +ã 1 −ã 2 +ã 3 +ã 4 for all k indicated in Table 2 . We can calculate that for each r = 0, 1, . . . , 5 in turn,
It follows that if λ 1 ≥ 6 then
which completes this proof.
Lemma 4.3. Let B 2 be the skew-circulant matrix determined by the vector b 2 (5, 6k + r) for all k and r = 0, 1, . . . , 5 as specified in Table 2 . Then for all λ ∈ Λ s 0 such that λ 1 ≤ 5 the points h = λB 2 satisfy h 1 ≥ δ.
Proof. A computer program was constructed to carry out this calculation for all assignments of λ and all six values of r.
Note that Lyness and Sørevik [4] did not give a direct proof of a similar lemma in 4 dimensions. The one by one verification seems to be the only possibility.
Six-dimensional results
Computational results
Some of our six-dimensional results are presented in Figure 2 . It shows the rho-index of the optimal (skew-)circulant lattice rules of degree δ ≤ 40 that we obtained, marked by the symbol •. The details for each of the classes are given in the Appendix. In Table 3 we list the first row of the (skew-)circulant generator matrices for the best lattices we obtained for δ ≤ 20.
The highest rho-index for a 6-dimensional lattice rule known to us is ρ = 38416/71595 ≈ 0.5366 that corresponds to a rule of δ = 28. We added this exceptional rule to Table 3 . 
Sequences of lattice rules
A certain regularity is also noticed in the six-dimensional results and again this lead us to the characterization of familes of rules. In Table 4 we represent some families of lattice rules of class B 3 . The same notation as in the five-dimensional case is used. In Figure 2 one can compare the rho-index of these families, marked by +, with the optimal circulant or skew-circulant rules. For a given δ, the differences between the rho-index of a lattice rule of the family with the optimal rho-index is smaller than in 5 dimensions. We see that even for many δ the optimal rho-index is equal to the rho-index of the discovered families. This means that the discovered families generate optimal skew-circulant lattice rules for those δ.
We omit the details but in exactly the same way as in 5 dimensions, it is proven that the families given in Table 4 have enhanced degree δ. Their number of points is listed in Table 5 . Table 4 : Specification of skew-circulant lattice rules Q 3 (6, 8k + r) Appendix: More details of the computational results
A Five-dimensional results
In Figure 3 the rho-index of the optimal circulant lattice rules of degree δ ≤ 40 is represented for the three different classes (sign-patterns) given in Definition 3.1. In the first columns of Table 6 we list the number of points required by the optimal rules of each class.
In Table 6 we also give the number of points of the rules Q 2 (5, δ) and of those constructed by Semenova [7] . The optimal lattice rules of class B 1 appear to be less efficient than the optimal rules of the other classes. This might be due to the fact that all generators of a lattice of class B 1 are on the same facet pair. The corresponding lattice does not necessarily belong to the K(s, δ) set contrary to the rules of classes B 2 or B 3 . 
B Six-dimensional results
Our six-dimensional results are presented in Figures 4 and 5 . They show the rho-index of the optimal circulant, resp. skew-circulant lattice rules of degree δ ≤ 40. In Tables 7 and 8 we list the underlying data. Observe in Figures 4 and 5 that all rules with ρ > 0.5 have δ > 20. As in the five-dimensional case, we also remark that the best results are given by those generator matrices belonging to the K(s, δ)-set.
In Table 8 one can compare the number of points of the rules Q 3 (6, 8k + r) with the optimal results. 
